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1. Introduction
Let

∞∑
j=0

∞∑
k=0

λjλkq
d
jk cos jx1 cos kx2 (1.1)

be the double cosine series on the positive quadrant Q = [0, π] × [0, π] of the two
dimensional torus, where λ0 = 1/2 and λj = 1 if j ≥ 1; qdjk are real coefficients and
let

Sdmn(x1, x2) =
m∑
j=0

n∑
k=0

λjλkq
d
jk cos jx1 cos kx2 (m,n ≥ 0)

be the rectangular partial sum of the series (1.1) and fd(x1, x2) = lim
m,n→∞

Sdmn(x1, x2).

Bounded Variation. The real coefficients {qdjk} form a null sequence of bounded
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variation if
qdjk → 0 as max(j, k)→∞, (1.2)

and
∞∑
j=0

∞∑
k=0

|∆11q
d
jk| <∞, (1.3)

where ∆11q
d
jk = qdjk − qdj+1,k − qdj,k+1 + qdj+1,k+1.

The differences ∆abq
d
jk are defined as:

∆abq
d
jk =

a∑
i=0

b∑
l=0

(−1)i+l (ai )
(
b
l

)
qdj+i,k+l (j, k > 0).

for all pairs of non-negative integers a and b.
Hence, the following recurrence relation holds:

∆00q
d
jk = qdjk,

∆abq
d
jk = ∆a−1,bq

d
jk −∆a−1,bq

d
j+1,k (a ≥ 1),

∆abq
d
jk = ∆a,b−1q

d
jk −∆a,b−1q

d
j,k+1 (b ≥ 1).

In 1991, Móricz [7] considered yet another condition which is stronger than the
condition (1.3) namely

∞∑
j=0

∞∑
k=0

|∆11q
d
jk| ln(j + 2) ln(k + 2) <∞, (1.4)

and proved the following result:

Theorem 1.1. [7] If a double sequence {qdjk} satisfies (1.2) and (1.4), then the

sum fd of the series (1.1) is integrable, (1.1) is the Fourier series of fd, and
||Sdmn − fd|| → 0 as min(m,n)→∞.
Quasi Convex. [7] A double sequence {qdjk} is said to be quasiconvex if

∞∑
j=0

∞∑
k=0

(j + 1)(k + 1)|∆22q
d
jk| <∞. (1.5)

In this paper, we define a new class Sjk of coefficient sequences as follows:
Class Sjk. A double sequence {qdjk} is said to belong to class Sjk if (1.2) is satisfied
and

∞∑
j=0

∞∑
k=0

(j + 1)(k + 1)|∆22q
d
jk| ln(j + 2) ln(k + 2) <∞. (1.6)



L1-convergence of Xhevat Modified Sums in two dimensions 99

Clearly, the condition (1.6) is stronger than the condition (1.5).

Choose ∆22q
d
jk =

1

j4k4
. Clearly, {qdjk} belongs to class Sjk.

“During literature survey, it is found that various authors such as Móricz ([4],
[6], [7]), Kaur, Bhatia and Ram [2], Kaur and Bhatia [1] studied the integrabil-
ity and L1-convergence of double trigonometric series under different conditions
on coefficient sequences and by considering various double modified trigonometric
sums. These modified sums approximate their limit better than the classical double
trigonometric series as they converge in L1-metric to the sum of the trigonometric
series whereas the classical series itself may not.”

The aim of this paper is to study the L1-convergence of double trigonometric
cosine series under the class Sjk by using a new modified double trigonometric sine
sum (an extension of Xhevat [3] modified sine sums) defined as

fdmn(x1, x2) =
1

4 sinx1 sinx2

m∑
j=1

n∑
k=1

×

{
m∑
r=j

n∑
l=k

∆11

[
(qdr−1,l−1 − qdr+1,l−1 − qdr−1,l+1 + qdr+1,l+1)

sin rx1 sin lx2

]}

(where qdj,k = 0 for either j = 0 or k = 0)

2. Lemma

The proof of our result is based upon the following lemma.

Lemma 2.1. If {qdjk} belongs to class Sjk, then the following holds:

(i)
m∑
j=0

(j + 1)|∆20q
d
jn| ln(j + 2) lnn = o(1), as n→∞.

(ii)
n∑
k=0

(k + 1)|∆02q
d
mk| ln(k + 2) lnm = o(1), as m→∞.

(iii) manb∆abq
d
mn lnm lnn = o(1) as min(m,n)→∞, where a, b ∈ {0, 1}.

Proof. (i) Consider

m∑
j=0

(j + 1)|∆20q
d
jn| ln(j + 2) lnn = lnn

m∑
j=0

(j + 1)
∞∑
k=n

|∆21q
d
jk| ln(j + 2),
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on applying summation by parts on right side of above equality, we get

lnn
m∑
j=0

∞∑
k=n

|∆22q
d
jk|(k + 1)(j + 1) ln(j + 2)

+ lnn
m∑
j=0

|∆21q
d
jn|n(j + 1) ln(j + 2)

≤
m∑
j=0

∞∑
k=n

|∆22q
d
jk|(j + 1)(k + 1) ln(j + 2) ln(k + 2)

+n lnn
m∑
j=0

∞∑
k=n

|∆22q
d
jk|(j + 1) ln(j + 2)

≤
m∑
j=0

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk| ln(j + 2) ln(k + 2)

+
m∑
j=0

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk| ln(j + 2) ln(k + 2).

Both the series on right hand side of above inequality are tending to zero by using
the condition (1.6).

Hence,
m∑
j=0

(j + 1)|∆20q
d
jn| ln(j + 2) lnn = o(1), as n→∞, independent of m.

(ii) Similarly,
n∑
k=0

(k + 1)|∆02q
d
mk| ln(k + 2) lnm = o(1), as m→∞, independent of

n.
The proof is on the same lines as that of the proof of (i).

(iii) Case I. When a = 1, b = 1
Consider

∆11q
d
mn lnm lnn = lnm lnn

∞∑
j=m

∆21q
d
jn

= lnm lnn
∞∑
j=m

∞∑
k=n

∆22q
d
jk

≤ lnm lnn

mn

∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk|
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mn|∆11q
d
mn| lnm lnn ≤

∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk| ln(j + 2) ln(k + 2)

= o(1), min(m,n)→∞. (by the given hypothesis)

Case II. When a = 1, b = 0 or a = 0, b = 1
Consider

∆10q
d
mn lnm lnn = lnm lnn

∞∑
j=m

∆20q
d
jn

=
lnm lnn

m

∞∑
j=m

(j + 1)|∆20q
d
jn|

m∆10q
d
mn lnm lnn ≤

∞∑
j=m

(j + 1)|∆20q
d
jn| ln(j + 2) lnn = o(1), min(m,n)→∞.

Similarly, n∆01q
d
mn lnm lnn = o(1) as min(m,n)→∞.

Case III. When a = 0, b = 0
Consider

qdmn lnm lnn = lnm lnn
∞∑
j=m

∆10q
d
jn

≤ lnm lnn
∞∑
j=m

∞∑
k=n

∆11q
d
jk,

performing summation by parts, we have

qdmn lnm lnn ≤ lnm lnn

[
∞∑
j=m

∞∑
k=n

k|∆12q
d
jk|+

∞∑
j=m

|∆11q
d
jn|n

]

= lnm lnn

[
∞∑
j=m

∞∑
k=n

k|∆12q
d
jk|+ n

∞∑
j=m

∞∑
k=n

|∆12q
d
jk|

]
.

Applying summation by parts on both the series of above equation, we get

qdmn lnm lnn = lnm lnn

[
∞∑
k=n

∣∣∣∣∣
∞∑
j=m

∆22q
d
jkjk −∆12q

d
mkmk

∣∣∣∣∣
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+ n

∞∑
k=n

∣∣∣∣∣
∞∑
j=m

∆22q
d
jkj −∆12q

d
mkm

∣∣∣∣∣
]

≤ lnm lnn

[
∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk|+

∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk|

+
∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk|+

∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk|

]

≤ 4
∞∑
j=m

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
jk| ln(j + 2) ln(k + 2)

= o(1) as min(m,n)→∞.

Combining all the cases yields (iii).

3. Main Result

The main result of this chapter read as:
Theorem 3.1. If a double sequence {qdjk} belongs to the class Sjk, then for
0 < x1, x2 < π, the following holds true:

(i) lim
m,n→∞

fdmn(x1, x2) = fd(x1, x2) exists,

(ii) fd(x1, x2) ∈ L1(Q),

(iii) ||fdmn − fd|| → 0 as min(m,n)→∞.

Proof. Firstly consider,

fdmn(x1, x2) =
1

4 sinx1 sinx2

m∑
j=1

n∑
k=1

{
m∑
r=j

n∑
l=k

∆11

[
(qdr−1,l−1 − qdr+1,l−1 − qdr−1,l+1 + qdr+1,l+1)

sin rx1 sin lx2

]}
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fdmn =
1

4 sinx1 sinx2
×{

m∑
j=1

n∑
k=1

(qdj−1,k−1 − qdj+1,k−1 − qdj−1,k+1 + qdj+1,k+1) sin jx1 sin kx2

−
m∑
j=1

n∑
k=1

(qdj−1,n − qdj+1,n − qdj−1,n+2 + qdj+1,n+2) sin jx1 sin(n+ 1)x2

−
m∑
j=1

n∑
k=1

(qdm,k−1 − qdm+2,k−1 − qdm,k+1 + qdm+2,k+1) sin(m+ 1)x1 sin kx2

+
m∑
j=1

n∑
k=1

(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2) sin(m+ 1)x1 sin(n+ 1)x2

}
= I1 − I2 − I3 + I4.

Consider,

I1 =
1

4 sinx1 sinx2

m∑
j=1

n∑
k=1

(qdj−1,k−1 − qdj+1,k−1 − qdj−1,k+1 + qdj+1,k+1) sin jx1 sin kx2

=
1

4 sinx1 sinx2


m∑
j=1

n∑
k=1

(sin(k + 1)x2 − sin(k − 1)x2)q
d
j−1,k sin jx1

−
m∑
j=1

n∑
k=1

(sin(k + 1)x2 − sin(k − 1)x2)q
d
j+1,k sin jx1

−
m∑
j=1

(
qdj−1,n − qdj+1,n

)
sin jx1 sin(n+ 1)x2

−
m∑
j=1

(
qdj−1,n+1 − qdj+1,n+1

)
sin jx1 sinnx2


=

1

2 sinx1

m∑
j=1

n∑
k=1

(qdj−1,k − qdj+1,k) cos kx2 sin jx1

− sin(n+ 1)x2
4 sinx1 sinx2

 m∑
j=1

(sin(j + 1)x1 − sin(j − 1)x1)q
d
j,n − qdmn sin(m+ 1)x1 − qdm+1,n sinmx1





104 South East Asian J. of Mathematics and Mathematical Sciences

− sinnx2
4 sinx1 sinx2

[
m∑
j=1

(sin(j + 1)x1 − sin(j − 1)x1)q
d
j,n+1 − qdm,n+1 sin(m+ 1)x1

− qdm+1,n+1 sinmx1

]

I1 =
1

2 sinx1

 m∑
j=1

n∑
k=1

(sin(j + 1)x1 − sin(j − 1)x1)q
d
j,k cos kx2 −

n∑
k=1

qdm,k sin(m+ 1)x1 cos kx2

−
n∑
k=1

qdm+1,k sinmx1 cos kx2

]
− sin(n+ 1)x2

4 sinx1 sinx2

[
m∑
j=1

(sin(j + 1)x1 − sin(j − 1)x1)q
d
j,n

−qdmn sin(m+1)x1−qdm+1,n sinmx1

]
− sinnx2

4 sinx1 sinx2

[
m∑
j=1

(sin(j+1)x1−sin(j−1)x1)q
d
j,n+1

−qdm,n+1 sin(m+1)x1−qdm+1,n+1 sinmx1

]

=
m∑
j=1

n∑
k=1

qdj,k cos jx1 cos kx2 −
sin(m+ 1)x1

2 sinx1

n∑
k=1

qdm,k cos kx2 −
sinmx1
2 sinx1

n∑
k=1

qdm+1,k cos kx2

− sin(n+ 1)x2
2 sinx2

m∑
j=1

qdj,n cos jx1 + qdm,n
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2

+ qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

− sinnx2
2 sinx2

m∑
j=1

qdj,n+1 cos jx1 + qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

+ qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

.

I2 =
1

4 sinx1 sinx2

m∑
j=1

n∑
k=1

(qdj−1,n − qdj+1,n − qdj−1,n+2 + qdj+1,n+2) sin jx1 sin(n+ 1)x2

=
n sin(n+ 1)x2
4 sinx1 sinx2

{
m∑
j=1

(sin(j + 1)x1 − sin(j − 1)x1) q
d
j,n − qdm,n sin(m+ 1)x1

− qdm+1,n sinmx1 −
m∑
j=1

(sin(j + 1)x1 − sin(j − 1)x1) q
d
j,n+2 + qdm,n+2 sin(m+ 1)x1

+ qdm+1,n+2 sinmx1

}



L1-convergence of Xhevat Modified Sums in two dimensions 105

=
n sin(n+ 1)x2

2 sinx2

m∑
j=1

(
qdj,n − qdj,n+2

)
cos jx1−

sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

n
(
qdm,n − qdm,n+2

)
−sinmx1 sin(n+ 1)x2

4 sinx1 sinx2
n
(
qdm+1,n − qdm+1,n+2

)
.

I3 =
1

4 sinx1 sinx2

m∑
j=1

n∑
k=1

(qdm,k−1 − qdm+2,k−1 − qdm,k+1 + qdm+2,k+1) sin(m+ 1)x1

=
m sin(m+ 1)x1

2 sinx1

n∑
k=1

(
qdm,k − qdm+2,k

)
cos kx2 −

sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

m(qdm,n − qdm+2,n)− sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

m(qdm,n+1 − qdm+2,n+1).

Finally,

I4 =
1

4 sinx1 sinx2

m∑
j=1

n∑
k=1

(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)
sin(m+ 1)x1 sin(n+ 1)x2

=
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
mn

(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)
Combine all the terms I1, I2, I3, I4, we have

fdmn = Sdmn −
sin(m+ 1)x1

2 sinx1

n∑
k=1

qdm,k cos kx2 −
sinmx1
2 sinx1

n∑
k=1

qdm+1,k cos kx2

− sin(n+ 1)x2
2 sinx2

m∑
j=1

qdj,n cos jx1 + qdm,n
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2

+ qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

− sinnx2
2 sinx2

m∑
j=1

qdj,n+1 cos jx1 + qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

+ qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

− n sin(n+ 1)x2
2 sinx2

m∑
j=1

(
qdj,n − qdj,n+2

)
cos jx1

+
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
n(qdm,n−qdm,n+2)+

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

n(qdm+1,n−qdm+1,n+2)

− m sin(m+ 1)x1
2 sinx1

n∑
k=1

(
qdm,k − qdm+2,k

)
cos kx2+

sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

m(qdm,n−qdm+2,n)
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+
sin(m+ 1)x1 sinnx2

4 sinx1 sinx2
m(qdm,n+1 − qdm+2,n+1) +

sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

mn
(
qdm,n

−qdm+2,n − qdm,n+2 + qdm+2,n+2

)
. (3.1)

Since
sinmx1 sinnx2

sinx1 sinx2
is bounded in (0, π)× (0, π). Therefore, the terms

qdm,n
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
, qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

and

qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

, qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

are of o(1), as min(m,n)→∞.
Consider the second term

sin(m+ 1)x1
2 sinx1

n∑
k=1

qdm,k cos kx2

of the eq. (3.1) and apply abel’s transformation two times on it, we get

=
sin(m+ 1)x1

2 sinx1

[
n∑
k=1

∆02q
d
m,k(k + 1)Fk(x2) + ∆01q

d
m,n+1(n+ 1)Fn(x2)

+qdm,n+1Dn(x2)
]

≤
∣∣∣∣sin(m+ 1)x1

2 sinx1

∣∣∣∣
[

n∑
k=1

|∆02q
d
m,k(k + 1)Fk(x2)|+ |∆01q

d
m,n+1(n+ 1)Fn(x2)|

+|qdm,n+1Dn(x2)|
]

where |Fn(x2)| and |Dn(x2)| are bounded in (0, π). Therefore, by the use of Lemma
2.1 all the terms of above inequality are tending to zero.

Hence,

sin(m+ 1)x1
2 sinx1

n∑
k=1

qdm,k cos kx2 = o(1) as min(m,n)→∞.

Similarly, the terms

sinmx1
2 sinx1

n∑
k=1

qdm+1,k cos kx2,
sin(n+ 1)x2

2 sinx2

m∑
j=1

qdj,n cos jx1 and
sinnx2
2 sinx2

m∑
j=1

qdj,n+1 cos jx1
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of eq. (3.1) are of o(1), as min(m,n)→∞.
The term

n sin(n+ 1)x2
2 sinx2

m∑
j=1

(
qdj,n − qdj,n+2

)
cos jx1

of the eq. (3.1) can be written as

=
n sin(n+ 1)x2

2 sinx2

m∑
j=1

(∆01q
d
j,n + ∆01q

d
j,n+1) cos jx1. (3.2)

Now, performing abel’s transformation two times on the eq. (3.2), we obtain

=
n sin(n+ 1)x2

2 sinx2

[ m∑
j=1

(∆21q
d
j,n + ∆21q

d
j,n+1)(j + 1)Fj(x1)

+ (∆11q
d
m+1,n + ∆11q

d
m+1,n+1)(m+ 1)Fm(x1)

+ (∆01q
d
m+1,n + ∆01q

d
m+1,n+1)Dm(x1)

]
≤ C

[ m∑
j=1

∞∑
k=n

|(∆22q
d
j,k + ∆22q

d
j,k+1)(j + 1)(k + 1)|

+ |(m+ 1)n(∆11q
d
m+1,n + ∆11q

d
m+1,n+1)|+ |n(∆01q

d
m+1,n + ∆01q

d
m+1,n+1)|

]
= o(1) as min(m,n)→∞ (by given hypothesis).

Similarly,

m sin(m+ 1)x1
2 sinx1

n∑
k=1

(qdm,k − qdm+2,k) cos kx2 = o(1), min(m,n)→∞.

The term
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
n(qdm,n − qdm,n+2)

of eq. (3.1) can be written as

=
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
n(∆01q

d
m,n + ∆01q

d
m,n+1)

= o(1), min(m,n)→∞ (by using Lemma 2.1).
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Similarly, the terms

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

n(qdm+1,n−qdm+1,n+2),
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
m(qdm,n−qdm+2,n)

and

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

m(qdm,n+1−qdm+2,n+1) of eq. (3.1) are of o(1), as min(m,n)→∞.

The last term

sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

mn
(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)
of the eq. (3.1) can be written as

=
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
mn

(
∆11q

d
m,n + ∆11q

d
m,n+1 + ∆11q

d
m+1,n + ∆11q

d
m+1,n+1

)
= o(1) as min(m,n)→∞ (by using Lemma 2.1).

Further, consider

Sdmn(x1, x2) =
m∑
j=1

n∑
k=1

qdjk cos jx1 cos kx2

=
m∑
j=0

n∑
k=0

qdjk cos jx1 cos kx2, (∵ qdj,0 = qd0,k = 0 ∀j, k)

use of double summation by parts yields

Sdmn =
m∑
j=0

n∑
k=0

∆11q
d
jkDj(x1)Dk(x2) +

n∑
k=0

∆01q
d
m+1,kDk(x2)Dm(x1)

+
m∑
j=0

∆10q
d
j,n+1Dj(x1)Dn(x2) + qdm+1,n+1Dm(x1)Dn(x2)
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Again on applying double summation by parts, we get

Sdmn =
m∑
j=0

n∑
k=0

∆22q
d
jk(j + 1)(k + 1)Fj(x1)Fk(x2) +

n∑
k=0

∆12q
d
m+1,k(k + 1)(m+ 1)Fk(x2)Fm(x1)

+
m∑
j=0

∆21q
d
j,n+1(j + 1)(n+ 1)Fj(x1)Fn(x2) + ∆11q

d
m+1,n+1(m+ 1)(n+ 1)Fm(x1)Fn(x2)

+

n∑
k=0

∆02q
d
m+1,k(k + 1)Fk(x2)Dm(x1) +

m∑
j=0

∆20q
d
j,n+1(j + 1)Fj(x1)Dn(x2)

+∆01q
d
m+1,n+1(n+ 1)Fn(x2)Dm(x1) + ∆01q

d
m+1,n+1(m+ 1)Fm(x1)Dn(x2)

+qdm+1,n+1Dm(x1)Dn(x2)

≤
m∑
j=0

n∑
k=0

|∆22q
d
jk(j + 1)(k + 1)Fj(x1)Fk(x2)|+

∞∑
j=m+1

n∑
k=0

|∆22q
d
j,k(j + 1)(k + 1)Fj(x1)Fk(x2)|

+
m∑
j=0

∞∑
k=n+1

|∆22q
d
j,k(j + 1)(k + 1)Fj(x1)Fk(x2)|+ |∆11q

d
m+1,n+1(m+ 1)(n+ 1)Fm(x1)Fn(x2)|

+

n∑
k=0

|∆02q
d
m+1,k(k + 1)Fk(x2)Dm(x1)|+

m∑
j=0

|∆20q
d
j,n+1(j + 1)Fj(x1)Dn(x2)|

+|∆01q
d
m+1,n+1(n+ 1)Fn(x2)Dm(x1)|+ |∆01q

d
m+1,n+1(m+ 1)Fm(x1)Dn(x2)|

+|qdm+1,n+1Dm(x1)Dn(x2)|

For all 0 < x1, x2 < π, Sdmn(x1, x2) converges to fd(x1, x2) as min(m,n)→∞ (by
the use of given hypothesis and Lemma 2.1).
Hence,

fd(x1, x2) = lim
min(m,n)→∞

Sdmn(x1, x2) = lim
min(m,n)→∞

fdmn(x1, x2) exists.

To prove (ii), consider

π∫
0

π∫
0

|fd(x1, x2)|dx1dx2 =

π∫
0

π∫
0

∣∣∣∣∣
∞∑
j=0

∞∑
k=0

qdj,k cos jx1 cos kx2

∣∣∣∣∣ dx1dx2
Performing double summation by parts two times, we get

π∫
0

π∫
0

|fd(x1, x2)|dx1dx2 =

π∫
0

π∫
0

∣∣∣∣∣
∞∑
j=0

∞∑
k=0

∆22q
d
j,k(j + 1)(k + 1)Fj(x1)Fk(x2)

∣∣∣∣∣ dx1dx2
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Since
1

π

π∫
−π

|Fj(x1)|dx1 = 1, therefore

π∫
0

π∫
0

|fd(x1, x2)|dx1dx2 = O

(
∞∑
j=0

∞∑
k=0

|∆22q
d
j,k|(j + 1)(k + 1)

)
< ∞ (by the given hypothesis).

Now, consider

||fd − fdmn|| =

∥∥∥∥∥∥
∞∑

j=m+1

∞∑
k=n+1

qdj,k cos jx1 cos kx2 +
sin(m+ 1)x1

2 sinx1

n∑
k=1

qdm,k cos kx2

+
sinmx1
2 sinx1

n∑
k=1

qdm+1,k cos kx2 +
sin(n+ 1)x2

2 sinx2

m∑
j=1

qdj,n cos jx1

− qdm,n
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
− qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

+
sinnx2
2 sinx2

m∑
j=1

qdj,n+1 cos jx1 − qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

− qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

+
n sin(n+ 1)x2

2 sinx2

m∑
j=1

(
qdj,n − qdj,n+2

)
cos jx1

− sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

n(qdm,n − qdm,n+2)− sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

n(qdm+1,n − qdm+1,n+2)

+
m sin(m+ 1)x1

2 sinx1

n∑
k=1

(
qdm,k − qdm+2,k

)
cos kx2

− sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

m(qdm,n − qdm+2,n)− sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

m(qdm,n+1 − qdm+2,n+1)

− sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

mn
(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)∥∥∥∥
||fd−fdmn|| ≤

π∫
0

π∫
0

∣∣∣∣∣∣
∞∑

j=m+1

∞∑
k=n+1

qdj,k cos jx1 cos kx2

∣∣∣∣∣∣ dx1dx2+

π∫
0

π∫
0

∣∣∣∣∣ sin(m+ 1)x1
2 sinx1

n∑
k=1

qdm,k cos kx2

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣ sinmx12 sinx1

n∑
k=1

qdm+1,k cos kx2

∣∣∣∣∣ dx1dx2 +

π∫
0

π∫
0

∣∣∣∣∣∣ sin(n+ 1)x2
2 sinx2

m∑
j=1

qdj,n cos jx1

∣∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣qdm,n sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

∣∣∣∣ dx1dx2 +

π∫
0

π∫
0

∣∣∣∣qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

∣∣∣∣ dx1dx2
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+

π∫
0

π∫
0

∣∣∣∣∣∣ sinnx22 sinx2

m∑
j=1

qdj,n+1 cos jx1

∣∣∣∣∣∣ dx1dx2 +

π∫
0

π∫
0

∣∣∣∣qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣∣n sin(n+ 1)x2
2 sinx2

m∑
j=1

(
qdj,n − qdj,n+2

)
cos jx1

∣∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣ sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

n(qdm,n − qdm,n+2)

∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣ sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

n(qdm+1,n − qdm+1,n+2)

∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣m sin(m+ 1)x1
2 sinx1

n∑
k=1

(
qdm,k − qdm+2,k

)
cos kx2

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣ sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

m(qdm,n − qdm+2,n)

∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣ sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

m(qdm,n+1 − qdm+2,n+1)

∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣ sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

mn
(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)∣∣∣∣ dx1dx2
=

∫ ∫
1

+

∫ ∫
2

+

∫ ∫
3

+...+

∫ ∫
15

+

∫ ∫
16

(3.3)

The integral
∫ ∫

5
from eq. (3.3) is

π∫
0

π∫
0

∣∣∣∣qdm,n sin(m+ 1)x1 sin(n+ 1)x2
4 sinx1 sinx2

∣∣∣∣ dx1dx2 = |qdm,n lnm lnn|

= o(1) as min(m,n)→∞.
Similarly, the integrals

∫ ∫
6
,
∫ ∫

8
and

∫ ∫
9

from eq. (3.3) are

π∫
0

π∫
0

∣∣∣∣qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1) as min(m,n)→∞,
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π∫
0

π∫
0

∣∣∣∣qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1) as min(m,n)→∞,

π∫
0

π∫
0

∣∣∣∣qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1) as min(m,n)→∞.

The integral
∫ ∫

11
of eq. (3.3) can be written as∫ ∫

11

= |n(∆01q
d
m,n + ∆01q

d
m,n+1) lnm lnn|

= |n∆01q
d
m,n lnm lnn|+ |n∆01q

d
m,n+1 lnm lnn|

= o(1),min(m,n)→∞.

Hence,

π∫
0

π∫
0

∣∣∣∣n(qdm,n − qdm,n+2)
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1),min(m,n)→∞

Similarly, the integrals
∫ ∫

12
,
∫ ∫

14
and

∫ ∫
15

of eq. (3.3) are

π∫
0

π∫
0

∣∣∣∣n(qdm+1,n − qdm+1,n+2)
sinmx1 sin(n+ 1)x2

4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1),min(m,n)→∞

π∫
0

π∫
0

∣∣∣∣m(qdm,n − qdm+2,n)
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1),min(m,n)→∞

π∫
0

π∫
0

∣∣∣∣m(qdm,n+1 − qdm+2,n+1)
sin(m+ 1)x1 sinnx2

4 sinx1 sinx2

∣∣∣∣ dx1dx2 = o(1),min(m,n)→∞

The last integral
∫ ∫

16
of the eq. (3.3) is

π∫
0

π∫
0

∣∣∣∣mn(qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2)
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2

∣∣∣∣ dx1dx2
= mn

∣∣∣∆11q
d
m,n + ∆11q

d
m,n+1 + ∆11q

d
m+1,n + ∆11q

d
m+1,n+1

∣∣∣ lnm lnn

= o(1), min(m,n)→∞.
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Now, consider the integral
∫ ∫

2
from eq. (3.3) and apply summation by parts on

it, we get∫ ∫
2

=

π∫
0

π∫
0

∣∣∣∣∣sin(m+ 1)x1
2 sinx1

[
n∑
k=1

∆01q
d
m,kDk(x2) + qdm,n+1Dn(x2)

]∣∣∣∣∣ dx1dx2
=

π∫
0

π∫
0

∣∣∣∣sin(m+ 1)x1
2 sinx1

[ n∑
k=1

∆02q
d
m,k(k + 1)Fk(x2) + ∆01q

d
m,n+1(n+ 1)Fn(x2)

+ qdm,n+1Dn(x2)

]∣∣∣∣dx1dx2
≤ π

[ n∑
k=1

|∆02q
d
m,k(k + 1) lnm|+ |∆01q

d
m,n+1(n+ 1) lnm|

]
+ |qdm,n+1 lnm lnn|

By using Lemma 2.1, all the terms of above inequality are of o(1) as min(m,n)→
∞. Hence

π∫
0

π∫
0

∣∣∣∣∣sin(m+ 1)x1
2 sinx1

n∑
k=1

qdm,k cos kx2

∣∣∣∣∣ dx1dx2 = o(1), min(m,n)→∞.

Similarly, the integrals
∫ ∫

3
,
∫ ∫

4
and

∫ ∫
7

from eq. (3.3) are

π∫
0

π∫
0

∣∣∣∣∣sinmx12 sinx1

n∑
k=1

qdm+1,k cos kx2

∣∣∣∣∣ dx1dx2 = o(1), min(m,n)→∞,

π∫
0

π∫
0

∣∣∣∣∣sin(n+ 1)x2
2 sinx2

m∑
j=1

qdj,n cos jx1

∣∣∣∣∣ dx1dx2 = o(1), min(m,n)→∞,

π∫
0

π∫
0

∣∣∣∣∣ sinnx22 sinx2

m∑
j=1

qdj,n+1 cos jx1

∣∣∣∣∣ dx1dx2 = o(1), min(m,n)→∞.

The integral
∫ ∫

10
of eq. (3.3) can be written as∫ ∫

10

= n lnn

π∫
0

∣∣∣∣∣
m∑
j=1

(qdj,n − qdj,n+2) cos jx1

∣∣∣∣∣ dx1
≤ lnn

π∫
0

∣∣∣∣∣
∞∑
j=1

∞∑
k=n

k(∆01q
d
j,k −∆01q

d
j,k+2) cos jx1

∣∣∣∣∣ dx1
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Apply summation by parts, we get∫ ∫
10

= lnn

π∫
0

∣∣∣∣∣
∞∑
j=1

∞∑
k=n

k(∆11q
d
j,k −∆11q

d
j,k+2)Dj(x1)

∣∣∣∣∣ dx1
= lnn

π∫
0

∣∣∣∣∣
∞∑
j=1

∞∑
k=n

k(∆12q
d
j,k + ∆12q

d
j,k+1)Dj(x1)

∣∣∣∣∣ dx1
Again on applying summation by parts, we have

∫ ∫
10

= lnn

π∫
0

∣∣∣∣∣∣
∞∑
j=1

∞∑
k=n

k(∆22q
d
j,k + ∆22q

d
j,k+1)(j + 1)Fj(x1)

∣∣∣∣∣∣ dx1
≤ π lnn

∞∑
j=1

∞∑
k=n

(j + 1)(k + 1)
∣∣∣∆22q

d
j,k + ∆22q

d
j,k+1

∣∣∣
≤ π

 ∞∑
j=1

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
j,k| ln(k + 2)

+

∞∑
j=1

∞∑
k=n

(j + 1)(k + 1)|∆22q
d
j,k+1| ln(k + 2)


= o(1), min(m,n)→∞.

Hence,

π∫
0

π∫
0

∣∣∣∣∣n
m∑
j=1

(qdj,n − qdj,n+2) cos jx1
sin(n+ 1)x2

2 sinx2

∣∣∣∣∣ dx1dx2 = o(1),min(m,n)→∞.

Similarly, the integral
∫ ∫

13
of eq. (3.3) is

π∫
0

π∫
0

∣∣∣∣∣m
n∑
k=1

(qdm,k − qdm+2,k) cos kx2
sin(m+ 1)x1

2 sinx1

∣∣∣∣∣ dx1dx2 = o(1),min(m,n)→∞.

The remaining integral
∫ ∫

1
of eq. (3.3) is

∫ ∫
1

=

π∫
0

π∫
0

∣∣∣∣∣
∞∑

j=m+1

∞∑
k=n+1

qdj,k cos jx1 cos kx2

∣∣∣∣∣ dx1dx2
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Apply double summation by parts, we get∫ ∫
1

=

π∫
0

π∫
0

∣∣∣∣∣
∞∑

j=m+1

∞∑
k=n+1

∆11q
d
j,kDj(x1)Dk(x2)−

∞∑
k=n+1

∆01q
d
m+1,kDm(x1)Dk(x2)

−
∞∑

j=m+1

∆10q
d
j,n+1Dj(x1)Dn(x2) + qdm+1,n+1Dm(x1)Dn(x2)

∣∣∣∣∣ dx1dx2
Again on performing double summation by parts, we have∫ ∫

1

≤
π∫

0

π∫
0

∣∣∣∣∣
∞∑

j=m+1

∞∑
k=n+1

∆22q
d
j,k(j + 1)(k + 1)Fj(x1)Fk(x2)

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣
∞∑

k=n+1

∆12q
d
m+1,k(m+ 1)(k + 1)Fm(x1)Fk(x2)

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣
∞∑

j=m+1

∆21q
d
j,n+1(j + 1)(n+ 1)Fj(x1)Fn(x2)

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∆11q
d
m+1,n+1(m+ 1)(n+ 1)Fm(x1)Fn(x2)

∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣
∞∑

k=n+1

∆02q
d
m+1,k(k + 1)Dm(x1)Fk(x2)

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∣∣∣
∞∑

j=m+1

∆20q
d
j,n+1(j + 1)Fj(x1)Dn(x2)

∣∣∣∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∆01q
d
m+1,n+1(n+ 1)Dm(x1)Fn(x2)

∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣∆10q
d
m+1,n+1(m+ 1)Fm(x1)Dn(x2)

∣∣ dx1dx2
+

π∫
0

π∫
0

∣∣qdm+1,n+1Dm(x1)Dn(x2)
∣∣ dx1dx2
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∫ ∫
1

≤ C

[ ∞∑
j=m+1

∞∑
k=n+1

|∆22q
d
j,k|(j + 1)(k + 1)

+
∣∣∆11q

d
m+1,n+1(m+ 1)(n+ 1)

∣∣+
∞∑

k=n+1

∣∣∆02q
d
m+1,k(k + 1) lnm

∣∣
+

∞∑
j=m+1

∣∣∆20q
d
j,n+1(j + 1) lnn

∣∣+ |∆01q
d
m+1,n+1(n+ 1) lnm|

+ |∆10q
d
m+1,n+1(m+ 1) lnn|

]
+
∣∣qdm+1,n+1 lnm lnn

∣∣
= o(1) as min(m,n)→∞ (by given hypothesis)

Combining all the terms, we get

||fd − fdmn|| = o(1) as min(m,n)→∞

Remark 3.2. As we know that a double trigonometric series converges in L1-norm
to a function fd ∈ L1(Q) then it is a Fourier series of function fd.Thus by Theorem
3.1, we get (1.1) is a Fourier cosine series of fd.

Corollary 3.3 If a double sequence {qdjk} belongs to the class Sjk, then

||Sdmn − fd|| → 0 as min(m,n)→∞.
Proof.

||fd − Sdmn|| = ||fd − fdmn + fdmn − Sdmn|| ≤ ||fd − fdmn||+ ||fdmn − Sdmn||

= ||fd − fdmn||+

∣∣∣∣∣
∣∣∣∣∣−sin(m+ 1)x1

2 sinx1

n∑
k=1

qdm,k cos kx2 −
sinmx1
2 sinx1

n∑
k=1

qdm+1,k cos kx2

− sin(n+ 1)x2
2 sinx2

m∑
j=1

qdj,n cos jx1 + qdm,n
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2

+ qdm+1,n

sinmx1 sin(n+ 1)x2
4 sinx1 sinx2

− sinnx2
2 sinx2

m∑
j=1

qdj,n+1 cos jx1

+ qdm,n+1

sin(m+ 1)x1 sinnx2
4 sinx1 sinx2

+ qdm+1,n+1

sinmx1 sinnx2
4 sinx1 sinx2

− n sin(n+ 1)x2
2 sinx2

m∑
j=1

(
qdj,n − qdj,n+2

)
cos jx1

+
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
n(qdm,n − qdm,n+2)
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+
sinmx1 sin(n+ 1)x2

4 sinx1 sinx2
n(qdm+1,n − qdm+1,n+2)

− m sin(m+ 1)x1
2 sinx1

n∑
k=1

(
qdm,k − qdm+2,k

)
cos kx2

+
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
m(qdm,n − qdm+2,n)

+
sin(m+ 1)x1 sinnx2

4 sinx1 sinx2
m(qdm,n+1 − qdm+2,n+1)

+
sin(m+ 1)x1 sin(n+ 1)x2

4 sinx1 sinx2
mn

(
qdm,n − qdm+2,n − qdm,n+2 + qdm+2,n+2

)∣∣∣∣∣∣∣∣ .
Using Theorem 3.1, all the terms on right hand side of above inequality are of o(1)
as min(m,n)→∞. Thus, the conclusion of the corollary follows.
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