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1. Introduction
Let

Zz/\j)\kqfk cos jx cos kxs (1.1)
=0 k=0

be the double cosine series on the positive quadrant @ = [0, 7] x [0, 7] of the two
dimensional torus, where \g = 1/2 and \; = 1if j > 1; q?k, are real coefficients and
let

n

St (11, 19) = Z Z AjAkq, o8 jx1 cos ky (m,n >0)

=0 k=0
be the rectangular partial sum of the series (1.1) and f¢(xy,z5) = lim S% (1, 1).
m,n—00

Bounded Variation. The real coefficients {q?k} form a null sequence of bounded



98 South FEast Asian J. of Mathematics and Mathematical Sciences

variation if

q;-jk, — 0 as max(j, k) — oo, (1.2)

and o =
> D 1Angh| < oo, (1.3)

=0 k=0

d _ d d d d
where Anqfy = ¢ — @ — Grsr T Ga e
The differences Agyqf, are defined as:

Butl = Y S0 ) () e (5> 0),

=0 [=0

for all pairs of non-negative integers a and b.
Hence, the following recurrence relation holds:

Dot = dh
Aabq;‘l]g = Aa—l,bq;lk - Aa—l,bq;‘l-g-Lk (CL Z ]-)7
Aabq;‘l]g = Aa,b—lq;lk - Aa,b—lq;‘{lﬁ-l (b > ]—)

In 1991, Mdricz [7] considered yet another condition which is stronger than the
condition (1.3) namely

> 1Ak n(G +2) In(k + 2) < oo, (1.4)

j=0 k=0
and proved the following result:

Theorem 1.1. [7] If a double sequence {q%.} satisfies (1.2) and (1.4), then the
sum f4 of the series (1.1) is integrable, (1.1) is the Fourier series of f¢, and
154, — f4| = 0 as min(m,n) — oco.

Quasi Convex. [7] A double sequence {¢%} is said to be quasiconvez if

DD G+ Dk + 1)|Aggf| < oo. (1.5)

j=0 k=0
In this paper, we define a new class S, of coefficient sequences as follows:
Class S A double sequence {qjdk} is said to belong to class Sjj, if (1.2) is satisfied

and
oo

ZZ (G + D)k + 1)]Agql | In(j + 2) In(k + 2) < (1.6)

=0 k=0
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Clearly, the condition (1.6) is stronger than the condition (1.5).

1
Choose A22q§lk = yEs Clearly, {q?k} belongs to class Sjg.

“During literature survey, it is found that various authors such as Mdéricz ([4],
[6], [7]), Kaur, Bhatia and Ram [2], Kaur and Bhatia [1] studied the integrabil-
ity and L'-convergence of double trigonometric series under different conditions
on coefficient sequences and by considering various double modified trigonometric
sums. These modified sums approzimate their limit better than the classical double
trigonometric series as they converge in L'-metric to the sum of the trigonometric
series whereas the classical series itself may not.”

The aim of this paper is to study the L!-convergence of double trigonometric
cosine series under the class Sj;, by using a new modified double trigonometric sine
sum (an extension of Xhevat [3] modified sine sums) defined as

m n

1
d
———E E X
Fon (1, 2) 4 sin 21 sin 9 4

j=1 k=1

(£5a

r=j l=k

d d d d
(G101 = Gy — Grorgir T Grrrasn)
sin rx; sinlzo

(where qjk = 0 for either j =0 or k =0)

2. Lemma
The proof of our result is based upon the following lemma.

Lemma 2.1. If {q?k} belongs to class Sji, then the following holds:

(4) Z(]+1)|A2oq}in|1n(j+2)lnn:0(1), as n — oo.

i
o

(k4 1)|Ag2q? | In(k 4 2) Inm = o(1), as m — oo.

\E

(i7)

o

o

(131) m*n’Awpq’, InmInn = o(1) as min(m,n) — oo, where a,b € {0, 1}.

Proof. (i) Consider

m m [e.9]

> G+ DAngl (G +2)Inn = mnd (G+1)> [Augl/In(j +2),

j=0 7=0 k=n
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on applying summation by parts on right side of above equality, we get

mn Y Y [ Agqfl(k+1)(j + 1) In(j + 2)

§=0 k=n

+ lnnz |A21q;ln’n(j +1)In(j +2)
j=0

NE

<>

=0

| Aaag| (G + 1)(k + 1) In(j + 2) In(k + 2)

>
Il

n

+nlnnz Z | Ag2qfyl (7 + 1) In(j + 2)

=0 k=n

< Z D G+ D)k + 1)[Aggl In(j +2) In(k + 2)

<.

T Zm: i(ﬂ + 1)k + 1)|A22q§lk| In(j + 2) In(k + 2).

Both the series on right hand side of above inequality are tending to zero by using
the condition (1.6).

Hence, Z(] + 1)|A20q]¢n| In(j 4+ 2)Inn = o(1), as n — oo, independent of m.
=0
(ii) Similarly, >~ (k + 1)|Ap2q?,| In(k +2) Inm = o(1), as m — oo, independent of

k=0
n.

The proof is on the same lines as that of the proof of (i).

(iii) Case I. Whena =1, b=1
Consider

Anqzm Inmlnn = Inmlnn Z Amq;ln

j=m

= Inmlnn i i Aggqfk

j=m k=n

Inmnn o= o=, .
< WZZ(J“‘U(]?‘FDM%Q%

j=m k=n
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mn|Aqg?, | InmInn < ZZ )(k + 1) Agaqy | In(j + 2) In(k + 2)
j=m k=n
= o(1), min(m,n) — oco. (by the given hypothesis)
Case II. Whena=1, b=0ora=0, b=1
Consider
Aloqf,m Inmlnn = Inmlnn Z Aggq;-ln
Jj=m
Inmlnn o= .
= Z(J + 1)|Azoqs]

Jj=m

mApgt Inmlnn < Z ]Agoq]n| In(j 4+ 2)Inn = o(1), min(m,n) — oo.

j=m

Similarly, nAg1¢%, InmInn = o(1) as min(m,n) — oco.

Case III. When a =0, b=0
Consider

¢ . lmmlnn = Inmlnn Z Amq;ln

Jj=m

< Inmlnn i i Anq;lk,

Jj=m k=n

performing summation by parts, we have

¢> Inmlnn < Inmlnn sz|A12qu|+Z|AHqJ"|n]

_j m k=n
= Inmlnn ZZk|A12qfk|+nZZ!A12CIﬁ’
Li=m k=n Jj=m k=n

Applying summation by parts on both the series of above equation, we get

o0

¢ Inmlnn=Inmlnn [Z
k=n

Z A22q;'ik]k - AIQQ;inkmk

Jj=m
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—I-ni

k=n

Z Am(lgkj - Aqugﬂcmu

j=m

<Inmlnn LZ Z(] +1)(k+ 1)|A22q§lk| + Z Z(J +1)(k+ 1)|A22q?k|

j=m k=n j=m k=n

AN G DK+ D) Asghl + >0 G+ D)k + 1) Anag]

j=m k=n j=m k=n

<43 S0+ 10+ )| (G +2) In(k + 2)

j=m k=n
=o(1) as min(m,n) — oc.

Combining all the cases yields (iii).

3. Main Result

The main result of this chapter read as:
Theorem 3.1. If a double sequence {q?k} belongs to the class Sji, then for
0 < 1,29 < m, the following holds true:

(1) lim fin(xl,xg) = fd(azl,xg) exists,
m,n—o0

(it) [z, 22) € LY(Q),

(453) ||f%, — f%l = 0 as min(m,n) — oco.

Proof. Firstly consider,

m n

(LS p——

4 sin x1 sin T9 -
j:

ol

=1

d d d d
(G101 = Gryrg1 — Grorgor T Grrrasn)
sinrx; sin la,

(£5a

r=j l=k
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1

fon = go—— ¥
4sin xq sin zo

n

d d d d S
((]j—l,k—l ~Git1h-1 — GQj—1 41 T q]‘+1,k;+1) sin jx1 sin kxy

—
B
Il

—

d d d d . .
(-1 = G1n = G-1mr2 + Garnge) sinjysin(n + 1)z

'Plﬂs
M-

<
Il
-
ol
Il
-

M-

<
I
—_
i
—

d d d d : :
(@1 = T2kt = Dps1 T o prr) Si(m + 1)y sin kay

3

+

M

<
I
—_
i
—_

(qgn,n - qgnJrQ,n - qgn,n+2 + qg1+2,n+2) Sin<m + 1)331 Sin(n + 1)':62}
= Il—IQ—[3+[4.

Consider,

n

1 m
I = —Z 11— d 1 — d_ + d sin jx1 sin kxo
A 5in 71 Sin 24 T 16,1] Lk—1 — 9+1k—1 — 4j—1k+1 q]+1,k+1) J
j=1 k=

3

1 m
IrErm— (sin(k 4 1)y — sin(k — 1)z2)q?_ |, sin jz
4smx1 sin xo ; — (k+ 1)z, ( ) 2)(1]71,1@ J1
m n
Z (sin(k + 1)xg — sin(k — 1):cg)q;l+1’k sin jx1
7j=1k=1
m
=3 (@1 — 010 sin i sin(n + 1)
j=1

m

d . .
E (qj Ln+1 Qj+1,n+1>5111]9518111n962
J=1

n

m
d ..
q_ —q; cos kxg sin jx1
281%2; (01 G41k) J
]: :

m

(sin(j + 1)z1 — sin(j — l)xl)an — ¢ sin(m+ 1)z, — qffﬁl,n sin ma;
j=1

sin(n + 1)z
4 8in x1 sin x9
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D (sin(j + D1 —sin(j — Da1)gd iy — @iy sin(m + 1)y

Jj=1

. m
sin nxy
4sin 1 sin zo

d .
~ Gm+1,n+1 810 m$1:|

n

m
2sma:1 ; 2 (sin(j + 1)z1 — sin(j — l)xl)qj 1. COs kxo — kzl G SID(M + 1) 271 cos kg

] _ sin(n + 1)z [ =

— E qﬁwl’k sin mx cos kxa

. . d
1 4sin x1 sin a2 Z(sm(] +Day —sin(j — l)wl)qjvn

Jj=1

3

D (sin(j+1)ay —sin(j—1)a1)q} 11

sinnxo [
Jj=1

d . d .
—q% sin(m+1)z1—q sinmz; | ———i—
mn ST ) mtln 4 sin x sin 25

d : d .
~Gmnt1 Sln(m+1)$1—qm+1’n+1 sin mz

m n

i sin(m + 1)z i sinmay k:

E E cos jricoskryg — ——F— E cos kxo — E cos kxo
4 ik €08 2 sin 21 qm k 2sinay — qu K

7j=1k=1 =1

sin(n + 1)z sin(m + 1)z sin(n + 1)xo

qun0053$1+qmn

2sin xo 4 sin x1 sin xo
d sinmzxysin(n + 1)za  sinnazg sin(m + 1)z sin nxo
+ Am+1n . . - E Q] n+1 COS]I’l +qm n+1 . .
’ 4 8in xq sin x9 2sin xo 4 8in xq sin x9
N sin mx1 sin nxs
q _—
MLl gin g sin g
1 m n
h=——"7"—0-—— g q_ —¢¢ — ¢t + ¢4 sin jxp sin(n 4+ 1)xo
4sin 21 sin s < 1—1,n j+1,n j—1n+2 ]+l,n+2) ( )
]: :

m
D (sin(j + Day — sin(j — 1)an) ¢, — g sin(m + 1)z
j=1

_ nsin(n + 1)z {

4 sin x1 sin x9

m
— qﬁm?n sinmx; — Z sin(j + 1)z —sin(j — 1)xq) q}{n” + qffn?nﬁ sin(m + 1)z
7j=1

d .
t Qg 1,42 SIMMTY }
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nsin(n + 1)z Ui ) sin(m + 1)z sin(n + 1)x
= oL S (gt ) cos - SR DL L e,

@ — 4 )
2sin z9 — 4 sin z1 sin z9 mn - Amnt2
‘7:

sinmzy sin(n + 1)xg

d d
: ; n (q —4q ) .
4 sin z7 sin z9 mtln - dmtlnt2

1

m n
I3 = ——— d. | —q I + ¢¢ sin(m + 1)x1
4SIH$1 sin a9 Z Z(qm7k 1 qm—i—?,k 1 qm,k+1 qm+27k+1) ( )
7j=1k=1
n

sin(m + 1)z sin(n + 1)x2
4 sin x1 sin T

msin(m + 1)x; (

d d )
- — cos kxy —
2sin x1 Dok = Dmet2,k

sin(m + 1)z sin nxs

(¢ i1 — a8 )
4sin 1 sin xy montl — Hmt2ntl

Finally,

3

1 m
4 sin xq sin o i 1 m’” m+2,n m,n+2 m+2,n+2)
]:

sin(m 4 1)zy sin(n + 1)z,
sin(m + 1)z sin(n + 1)z,

= : - mn (q
4 sin 1 sin T9

d d d d
mmn — 9ma2n — Qmnt2 + qm+2,n+2)

Combine all the terms Iy, I5, I3, 14, we have

d d sin(m + 1)z sin ma;
Fom = Sn —qukcoslmg—

E qu 1 COs kxo
=1 k=1

2sin xq 2sin xq

sin(m + 1)z sin(n + 1)x2
4 8in x1 sin o

sin(n + 1

)2
COS 1T
QSIHIEQ qun .7 1+an

d sinmz sin(n + 1)xze  sinnxg sin(m + 1)z sin nxg

+ q - . - 5 q cosjxri + q
ML 4 gin oy sin 29 2sin z9 i1 €08 ] m,n+l

4 8in x1 sin T

m
sinmzy sinnxe  nsin(n + 1)z d .
- E q] n Qj7n+2 COs 171

+ ¢t
mALntl f gin 2y sin oy 2 sin x9 —
J:

sin(m + 1)z sin(n + 1)x2 sinmaz; sin(n + 1)z

d d d d
n(qm,n - qm,n+2) + n(qm+1,n - qm+1,n+2)

4 sin x1 sin xy 4 sin x1 sin xo

msin(m + 1)z — sin(m + 1)z sin(n + 1)z
_ ( )12<qd _q:ln_i_gk)COSka'i‘ ( )1 sin( )zm(d d )

: : : —q
2sin g — 4 sin z7 sin z9 mondmt2,n
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sin(m + 1)z sin nzs (g d )
: . m(q —q
4sin z sin zo mntl - Em2ntd

d
m,n

sin(m + 1)z sin(n + 1)x2 (
m
4 sin x1 sin xy

d d d
_Qm+2,n - Qm,n+2 + qm+2,n+2> . (31)

. sin mx sin nxs
Since

is bounded in (0, )

, . x (0,7). Therefore, the terms
S111 L1 S111 T9

4 sin(m+ 1)z sin(n + 1)z,

d sin may sin(n + 1)z,
p p 1 ; :
mn 4 sin z; sin x4 PAmALr A gin oy sin 2y
and . . . .
d sin(m + 1)z sinnzy sin max sin nay
qm,nJrl

4 8in xq Sin T
are of o(1), as min(m,n) — oo.
Consider the second term

1 1 . .
vAmALntL A gin 2 sin

sin(m + 1) xl Z I
q. ;. cos ko
- 2sina; mk

of the eq. (3.1) and apply abel’s transformation two times on it, we get

sin(m + 1)z,

Agagt o (k+1)F Ap1q? 1F,
Ssinz ; 020 1 (K + 1) Fi(22) + Do1Gp, niq (n + 1) Fu(22)

+qgl,n+1Dn<5U2)]
sin(m + 1)z,

2sin x;

Z |A02qg1,k(k + 1) Fi(x2)| + |A01qg1,n+1(n + 1) Fo(22)]
k=1

+|q;in,,n+1Dn(x2) H
where |F,,(z2)] and |D,,(x2)| are bounded in (0, 7). Therefore, by the use of Lemma

2.1 all the terms of above inequality are tending to zero.
Hence,

w qukcos kxy = o(1) as min(m,n) — oo.
2sin

Similarly, the terms

sin m; Z d I
- q cos ki
2Slnl‘1 p m+1,k )

sin(n + 1)z, Z 4 sin Ny
—_ q$, cos jri an E qd ., cosjzy
2 sin 9 Jon 2 sin o Jntl
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of eq. (3.1) are of o(1), as min(m,n) — oo.
The term

nsin(n 4+ 1)z,
2 d d .
Tﬂl’g Z (qj,n - Qj,n+2) COs j 1

of the eq. (3.1) can be written as

nsin(n + 1)zs
T 2mn 26 A 3.2
28in Ty ; 01y + D014 1) COS j1. (3.2)

Now, performing abel’s transformation two times on the eq. (3.2), we obtain

nsin(n + 1)z [ — .
( ) 2 [Z(AQIQ;{n + Aquﬁn+1)(] + 1)E($1)

2sin zo A
Jj=1

+ (Allq;in+l,n + Allqg@+1,n+1>(m + 1) Fp(21)

+ (Amquﬂ,n + A01qi+1,n+1)Dm(w1)

< €Y B+ Bhe)G + Dk + )
=1 k=n
+[(m +1)n (Allqgn-f—l,n + Allqgn-i-l,n—&-l)’ + ’”(Amq;inﬂ,n + AOlqgl+l,n+1)‘
= o(1) as min(m,n) — oo (by given hypothesis).
Similarly,
. 1 n
msm(m D (¢4 1 — 4% o) coskxy = o(1), min(m,n) — cc.
2sin xq — ’
The term

sin(m + 1)z sin(n + 1)z,

d d
: . "G — 4
4 sin 1 sin x9 (G = G +2)

of eq. (3.1) can be written as

sin(m + 1)z sin(n + 1)x
= ( 1 ) - ( ) 2N(A01an,n+A01qgn,n+1)
S111 X1 S111 X9

= o(1), min(m,n) — oo (by using Lemma 2.1).
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Similarly, the terms

sin(m + 1)z sin(n + 1)z,
4sin xq sin zq

sinmay sin(n + 1), (@ gt )
m,n m+2.n

n(q;ln+1,n_q§ln+1,n+2>7

4 sin xq Sin T
and

sin(m + 1)z sinnay

ppE—— m(qffwﬂ—qffwzﬂﬂ) of eq. (3.1) are of o(1), as min(m,n) — oo.

The last term

sin(m + 1)z sin(n + 1)z, d

d d d
mn (qm,n “lQmion — Qm,n+2 + qm+2,n+2)

4 8in 1 sin T9
of the eq. (3.1) can be written as

sin(m + 1)z sin(n + 1)z, d d d d
- 4 sin T sin To mn (AHQm,n + A11Qm,n—&-1 + Allqvn—i-l,n + Allqm+1,n+1>

= o(1) as min(m,n) — oo (by using Lemma 2.1).

Further, consider

WE
M:

d d :
Sen(x1,x0) = qjy, cos jr1 cos ko

k=1

<.
Il
-

S

¢y, cos joycoskxy, (v qfy =5, =0 Vi, k)
0

NE

k

<.
Il
o

use of double summation by parts yields

m

St = D> AnghDi(w1)Di(w2) + Y Norgl i1y Di(2) Dy (1)
k=0

7=0 k=0

+ Z Aloqzn+1Dj (21)Dn(z2) + qg@+1,n+1Dm(xl)Dn(x2)
=0
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Again on applying double summation by parts, we get

m

St = ZZAm%k j+ 1)k + 1)Fj(21) Fi (22 +ZA12qm+1 k(k+1)(m+ 1) F(22) Fo (1)
=0 k=0 k=0

+ Y Ao1qf i1 (G + 1)+ DF (1) Fo(22) + Aidgr s (m+ 1)(n+ 1) Fy (1) Fy(a2)
j=0

n m
£ Aoaan (b 1) Fu(e2) Do) + 3 Aaogt s ( + 1)E (1) D)
k=0 =0
+Amqi+1,n+1(n + 1) Fy(22) Dy (21) + AOlqgm—l-l,n—&-l(m + 1) Fin(z1)Dp(22)
+4p 1,041 Dm ( )D (z2)

Z|A22q]k J+ 1)(k+ 1)Fj(21) Fi(z2)| + Z Z|A22q]k(J+1)(k+ 1) Fj (1) Fi(x2)]
k=0 j=m+1 k=0

3@Ms

+Z Z |A22q7 k(5 + 1) (k + 1) Fj(1) Fi(@2)| + |A1168 11 g1 (m 4 1) (n+ 1) Py (1) Fr (22)|
=0 k=n+1

+> Moo i1 gk + 1) Fr(@2) Do (1)) + > [A20¢4 41 ( + 1) Fj (1) Dy (2)]
k=0 =0

HA01¢ 111 (M4 1) Fp(2) D (21)] + [A016% 11 i1 (M + 1) F(21) Dy (22))|
+|Qrdn+1,n+1Dm(xl)Dn(x2)|

For all 0 < 1,75 < 7, S¢ (21, 73) converges to f4(xy, ) as min(m,n) — oo (by
the use of given hypothesis and Lemma 2.1).
Hence,

[, ) = lim  S% (zy,29) =  lim  f¢ (x1,29) exists.

min(m,n)—o00 min(m,n)—oo

To prove (ii), consider

O/O/|fd(x1,x2)|dx1dx2 _ O//

Performing double summation by parts two times, we get

O/O/|fd(x1,$2)|dx1d:x2 = 0/0/

qfk coS jx1 cos kxo| dridxs

j=0 k=0

ZZ Agaf (7 + 1) (k + 1) (1) Fi(2)

§=0 k=

deldiL‘Q
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1 ™
Since — / |Fj(x1)|dxy = 1, therefore
T

7=0 k=0

/ / e a)ldndes = O[S0 Mgl |G+ 1)k +1)
0 0

< oo (by the given hypothesis).

Now, consider

A DYDY e
— = cos jxq coskrg + ——— cos ko
Hf mn|| q]k j 2SIH£L'1 qu:
j=m+1k=n+1 k=1
sinmxlzn: d i +51n (n+ 1)xs
——— cos ko Z cos jr1
2sin — Dm-+1k 2sin x Gjun €O ]
4 sin(m+ 1)z sin(n + 1)xo d sinmay sin(n + 1)z
~mn . . “Om+1n

4 sin x4 sin x9 4 sin x1 sin xo

sin(m + 1)x; sin nxsy

sin nxs Z
q cos jxq — ¢? - -
2sin xy Jmtl mn+tl 4sin z; sin zy
m
sinmaxy sinnze  msin(n + 1)zg d d .
q +1,n+1 . (QJ n QJ n+2) COS 7)1
m 4 sin xq sin zo 2sin xy — '
J:

sin(m + )zysin(n + Dze , 4 sin may sin(n + 1)xs

d
- S Un — @ -
4sin xq sin zy (9, = G nv2)

n msin(m + 1)z Z( d

d
- — cos kxo
QSIH.I‘l qm,k Qm+2,k)

d d
n(qm+1,n - Qm+1,n+2)

4 sin x1 sin xo

k=1
sin(m + 1)zy sin(n + 1)z
4 8in x4 sin xo

sin(m + 1)z sin(n + 1)xo
- mn (qgn,n - qu+2,n - qg’b,n-&-? + qgn+2,n+2)

sin(m + 1)x1 sin nas

d d d
m - - - : m -
(Qm,n Qm+2,n) 4sin 21 Sin oy (qm,nJrl Qm+2,n+1)

sin(m + 1) xl

48in xq sin xo

Z Ty i, COS k2| dx1dTy

© 2sina; T

1= f,lmHS// Z Z g} 1, cos jz1 cos kg d$1d$2+//

00]7n+1kn+1
T
/]
0 0
T
“ [ [l
0

sin maq

sin n+ arg
dxldx2+// QSme Zq]nCOijl dridxs

cos kxo
2sinx; Z Bt 1,k

sin(m + 1)xy sin(n + 1)xs sinmay sin(n + 1)xg

4 sin xq sin xo

dl‘ldl‘g

dridro +

qm+17n

4 sin x1 sin xo
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s T . m T s .
sin nza d sin(m + 1)x1 sin nag
+ cos jx1| dxidzo + - - dxidx
// 2sin 9 qu’"“ J1| deyds qm ntl 4 sin z; sin z9 152
0 0 j=1 0
s ™
sin mx1 sin nao
+ — " | dxdx
// qu "t A gin 2 sin @y 12
0 0
m T
nsin(n + 1) £L’2 i .
* // © 2sinag Z 7q?»n+2) cos ja1| dzidws
0 0 2=
[ [ [sinGm + 1)y sin(n + 1)
sin(m + 1)xysin(n + 1)z d d
+ // 4sinx1 Sinﬂjg ( mmn qm,n+2) dxldx2
00
T T . . ( 1)
sinmaxysm(n + 1)xo d d
+ // 4sinm1 sin To n(qm—i-l,n - qm+1,7z+2) dmldm?
00
s U A ( 1) n
msin(m + 1)x,
+ // W (qffl,k —qffﬁzk) COS k.’EQ dl’ldirz
5 b k=1
[ [ |sin(m + 1) sin(n + 1)
sin(m + 1)xysin(n + 1)z d d
+ // 4 sin x1 sin x5 (G0 = Ghn2,n) | dT1d22
00
sin(m + 1)zy sinnze 4 d
+ // 4sinx1 sin To m(qm,n+1 - Qm+2,n+1) dxlde
00
[ [ |sinGm + 1)y sin(n + 1)
sin(m + 1)xq sin(n + 1)z, d d d d
+ // 4sinx1 sin T mn (Qm,n - qm+2,n - qm,n+2 + Qm+2,n+2) dmlde
0 0

[ [+ [+ ] +]] (3.3)

The integral ffs from eq. (3.3) is

sin(m + 1)z sin(n + 1)z

dridre = |q7dn,n InmInn|

4 sin xq sin oo

= o(1) as min(m,n) — oc.

Similarly, the integrals [ [, [ [, and [ [; from eq. (3.3) are

[/l
0 0

sinmay sin(n + 1)xg

L dxi1dzy = o(1) as min(m,n) — oo,

4 8in xq sin T
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/]
/]

The integral | [, of eq. (3.3) can be written as

sin(m + 1)z sin nas

dxidxs = o(1) as min(m,n) — oo,

q
mntl A sin 2 sin s

Sin ma, Sin e, dxidxs = o(1) as min(m,n) — oo.

q
mALATL  gin aq sin 2y

// = |n( A01qmn+A01qmn+1)lnmlnn|

\nAOqumn InmInn|+ \nAOquwa InmInn|

= o(1),min(m,n) — oo.

Hence,

sin(m £ Dy sin( £ 2| 00 = o1, min(m. n) — oo

WG — qm,n+2)

4 sin xq sin o

Similarly, the integrals [ [, [ [,, and [ [, of eq. (3.3) are

sinmay sin(n + 1)z,
// n<qgw+17n - qgn-i—l,n-i—?) : :

4 8in xq sin o

r7 sin(m + 1)x; sin(n + 1)z,
// m(qﬁln,n - qgnJrZ,n) ( ) : ( )
0 0

4sin xq Sin Ty

v ™
m P 4 )sm(m + 1)z sin nxy
D1 ™ D21 4sin 21 sin 9

dxidxe = o(1), min(m,n) — oo

dxidxs = o(1), min(m,n) — oo

dxidxs = o(1), min(m,n) — oo

The last integral [ [ . of the eq. (3.3) is

sin(m + 1)z sin(n + 1)z

. . dl’ldl‘Q
4 sin x1 sin To

d d d d
// ‘mn(Qm,n - qm+2,n - Qm,n+2 + qm+2,n+2)

=mn ’Anqgw + Ang 1 + Ag i, + Allqgrﬁ—l,n-‘rl‘ InmInn

= o(1), min(m,n) — oc.
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Now, consider the integral [ [, from eq. (3.3) and apply summation by parts on
it, we get

[1-]]
-/

Sln m + 1
Z Amqm pDr(z2) + qm n+1D (x2) | | dx1dzs

© 2sina; T

sin m+

|:Z Aogqm k(k + )Fk(l‘g) + AOlqm n+1(n + 1)Fn(1'2)

© 2sina; T

dl’ldxg

+ qgn,nJran (1’2):|

<n [Z Doagl (b + 1) | + [Aorg? (0 + 1) 1nm@ gk nminnl
k=1

By using Lemma 2.1, all the terms of above inequality are of o(1) as min(m,n) —
oo. Hence

/]

Similarly, the integrals [ [,, [ [, and [ [ from eq. (3.3) are

1)
sin(m + 1)z, qukcos kx| dzydry = o(1), min(m,n) — oc.

© 2sinz; T

sin max )

// Dena ;qfnﬂ’k cos kxo| dridrs = o(1), min(m,n) — oo,
sin(n + 1)z )

// “osnos = ZqJnCOijl dridry = o(1), min(m,n) — oo,

sin nay :
25 24 qunﬂ cos jx1|dxidrs = o(1), min(m,n) — oo.

/!

The integral [ [, of eq. (3.3) can be written as

// = nlnn/
10

0

< lnn/

m
Z QJn QJn+2 Coijl d'rl

7=1

oo o0

Z Z k( AOlQ;l,k - A01(]§l‘7/§+2> oS JT1

=1 k=n

dl’l




114 South FEast Asian J. of Mathematics and Mathematical Sciences

Apply summation by parts, we get

// = lnn/ sz(ﬁnqzk—Allqszrz)Dj(”f"l) dxy
10
0

7=1 k=n

= lnn/ sz(ﬁuq;{k+A12q;l,k+1)Dj($1) dy
0

=1 k=n

Again on applying summation by parts, we have

s

[f, =]

o o0
miun S + Dk + 1) [Anngle + Mgl
j=1k=n

DD k(Agaqly + Doagf i) (G + 1) Fy(21)

d$1

IN

IN

™ |:ZZ]—|—1 )(k+1) ]Aggqjk\ln(k—i—Q)

j=1k=n

+ Y > G+ k+1A22q]k+1ln(k—i—2)]
1 k=n

.

= o(1), min(m,n) — oo.

Hence,

sin(n + 1)z,

25 dxidxs = o(1), min(m,n) — oc.

(qﬁn__Qin+2>COijl

Similarly, the integral [ [, of eq. (3.3) is

sin(m + 1)z

mz @ e — Qo) €08 kvy——"—|da1dzy = o(1),min(m,n) — oc.

2sin

The remaining integral | [, of eq. (3.3) is

// // Z Z 4y, cos jy cos ks

j=m+1 k=n+1

d$1d$2
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Apply double summation by parts, we get

[[-1]

Z Z Allq]kD 1) Dy, (22) Z A()lqm+1k;D (1) D (22)

j=m+1 k=n+1 k=n+1

dl’ldl’g

- Z Aloq;'i,n+1Dj(«rl)Dn(x2)+Q;ln+1,n+1Dm(x1>D”(x2)

j=m+1

Again on performing double summation by parts, we have

[[=]]

// Z A12an+1,k(m + 1)(k+ 1)F,,(x1) Fy.(z2)

k=n+1

deldIIfg

Z Z Do (5 + 1) (k + 1) Fy(a1) Fi(2)

j=m+1 k=n-+1

dlEldl'Q

dl‘ld[EQ

" // Y Aoig) G+ D) (n+ D) Ej (1) Fy(wo)

j=m+1

o

¥ / / A1 1 (7 1) (4 1) Fo (1) Fo(2)| s
0

[e=]

+ / / Z Noagly 1 (b + 1) Dy (1) Fio(2) | dy devy
0 0 k=n+1

[ 1Y dutthai+ DE ) D) | dod
0 Jj=m+1

[en]

o

0
g

+ //|A01q7§1+1,n+1<n+1>Dm(I1>Fn(ZL’2)|de‘1d(L’2

[ [ 180 s i1+ D P 20) D )|

0

+ //‘qunH xl)Dn(x2>‘d$1dI2

0 0

o\
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// { > Y G k)

j=m+1 k=n+1

AN (m 4 D) (n+1)| + Z | Ao2qt i1 x(k+ 1) Inm|
k=n+1

+ Z }Azoqg,nﬂ(j +1) 1nn‘ + |A01C]gz+1,n+1(” +1) Inm|

Jj=m+1
+ |A10qu+17n+1(m +1)In n|] + ‘qfthLnH lnmlnn‘
= o(1) as min(m,n) — oo (by given hypothesis)
Combining all the terms, we get
I1f4— f2 || = o(1) as min(m,n) — oo

Remark 3.2. As we know that a double trigonometric series converges in L!'-norm
to a function f¢ € L'(Q) then it is a Fourier series of function f¢.Thus by Theorem
3.1, we get (1.1) is a Fourier cosine series of f¢.

Corollary 3.3 If a double sequence {q;-ik} belongs to the class Sji, then
154, — ] = 0 as min(m,n) — cc.
Proof.

. n
sm m+ 1)z sin mx
d d SIm -+ 1)y 1 d
f + E q¢  coskry — — E q cos kg
|| mn“ 2 sin T m,k 2¢in Ty m+1,k

sin(n + 1)z sin(m + 1)z sin(n + 1)z,

qunCOSJI + 4,

2sin x9 4sin xq Sin T
d sin max, sm(n + D)zy  sinnay
t i : ; — Z Qjny1 COSJT1
’ 4 sin x4 sin T9 2sin To
L sin(m + 1)z sin nx, /! sin mx; sin nx,
mrtl 4 gin 2y sin 2y MLl Gin 2y sin 2o
o m
nsin(n + 1)z, Z (¢! ‘) ,
- Qin — 4, COS )T
2 sin 9 — g Ajnt2
j:

sin(m + 1)z sin(n + 1)z,

d d
B (G = Gnpyo)
4 sin x4 sin x5y (G = Gon.ns2
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sinmazysin(n + )zy 4

n(Qm—i—l,n - qgn—}—l,n—l—Q)

4 sin x1 sin T9

_ msin(m + L)ay i( d

d
- G —q cos kx
2 sin m,k m+2,k)

k=1
sin(m + 1)z sin(n + 1)xo

d d
: : miq —4q
4 8in 1 sin xo ( mn m+2’")

sin(m + 1)z sin nzy

d d
: - m\q —q
4sin 1 8in Ty ( m,n+1 m+2,n+1)

sin(m + 1)z sin(n + 1)z,
( ) ) mn ( zz,n - qgn—i—Q,n - qu,n+2 + qu+27n+2)

.

Using Theorem 3.1, all the terms on right hand side of above inequality are of o(1)
as min(m,n) — oco. Thus, the conclusion of the corollary follows.

4 8in xq sin T
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